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Abstract. In his initial paper on braids E. Artin gave a presentation with two generators for 
an arbitrary braid group. We give analogues of this Artin's presentation for various generaliza- 
tions of braids. 

The diverse aspects of presentations of braid groups and their generahzations continue to 
attract attention [12j, j5j, [15\ . 

The canonical presentation of the braid group -Br„ was given by E. Artin ^ and is well 
known. It has the generators ai, (T2, . . . , <Jn-i and relations 

(JiCTj =(Tj(Ti, if |i-j|>l, i,j = l,...,n-l; 

aiai+iai = ai+iaiai+i, i = l,...,n — 2. 

There exist other presentations of the braid group. J. S. Birman, K. H. Ko and S. J. Lee |H] 
introduced the presentation with generators ats with 1 < s < t < n and relations 

atsttrq = arqats foT {t - r){t - q){s - r){s - q) > 0, 

O'tsO'sr = O'trO'ts = O'srO'tr for l<r<S<t<n. 

The generators ats are expressed in the canonical generators ai as follows: 

ats = {(yt-i(^t-2 ■ ■ ■ cr5+i)cr.(c^7+i ■ ■ ■ for l<s<t<n. 

An analogue of the Birman-Ko-Lee presentation for the generalizations of braids (namely, for 
the singular braid monoid) was obtained in ^3]. 

In the initial paper Artin gave another presentation of the braid group, with two genera- 
tors, say 0"! and a, and the following relations: 



(1) 



(TicrViO" * = crViO" for 2 < i < n/2, 



The connection with the canonical generators is given by the formulae: 
(2) a = aia2 . . .(Tn-i-i 



(3) (Tj+i = (tVi(t *, 2 = 1, ... n — 2. 

This presentation was also discussed in the book by H. S. M. Coxeter and W. O. J. Moser 

It is interesting to obtain the analogues of the presentations of the type for various 
generalizations of braids [HI, 0, 0, H, [11], [H- 
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Let us consider the braid group of a sphere BrniS"^). It has the presentation with generators 
1, n — 1 and relations: 



6i6j 

6162 . . . Sn-2Sl^iSn~2 



S2S1 



5j6i, if I? 

1. 



j\ > 1, 



This presentation was find by O. Zariski [16J in 1936 and rediscovered later by E. Fadell and 
J. Van Buskirk 10 in 1961. From this presentation one can easily obtain the presentation with 
two generators 61, 6 and the following relations: 

= 6'6i5-'6i for 2<i< n/2, 

= 1. 

Another generalization of braids is the Baez-Birman monoid SBn which is also called as 
singular braid monoid |2j, It is defined as a monoid with generators CTj, a~'^, Xi, i = 1, . . . ,n — 
1, and relations 




(4) 



XiCXj 



(7jXi , 



if \i-j\ > 1, 
if \i-j\ > 1, 



O'i+lO'iXi+l — XjCTi+iCTi, 



-1 



1. 



In pictures, o"j corresponds to the canonical generator of the braid group and Xi represents an 
intersection of the zth and {i + l)st strand as in Figure H The singular braid monoid on two 
strings 5*52 is isomorphic to Z © Z"^. 

Motivation for the introduction of this object was the Vassiliev - Goussarov theory of finite 
type invariants. 

Let Fn be a free group on n generators xi, . . . , x„ and Aut Fn its automorphism group. The 
braid-permutation group BPn, considered by R. Fenn, R. Rimanyi and C. Rourke jTTj, is the 
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subgroup of AutF„, generated by two sets of the automorphisms: cTj 



Xi 



X 



J 



^ Xi+1, 



X^_^_lXiXi-\-i , 



and 



Xi I > Xi^i, 
Xi^l I— > Xi, 

R. Fenn, R. Rimanyi and C. Rourke proved ^IJJ that this group is given by the set of generators: 
{^i, (Tj, i = 1,2, ...,n — 1} and relations: 

•«? = 1, 

^i^j = ^j^i, if \i-j\> 1, 
The symmetric group relations 



= ajai, if |i - j| > 1, 

CTiO-j+iCri = O-j+iO-jO-i+i. 

The braid group relations 



c^i^i = ^jCTi, if K - j| > 1, 
The mixed relations 

R. Fenn, R. Rimanyi and C. Rourke also gave a geometric interpretation of BPn as a group 
of welded braids. 

Let us obtain a presentation of the singular braid monoid and the braid-permutation group 
analogous to ((T)). If we add the new generator a, defined by © to the set of generators of SBn 
then the following relations hold 

(5) Xj+i = cr*Xi(j~\ i = l,...n — 2. 

This gives a possibility to get rid of Xi, i > 2. 



Theorem 1. The singular braid monoid SBn has a presentation with generators ai, , a, 
and Xi and relations 



''cTiaVicr * 



(6) 



aVicr Vi for 2 < i < n/2. 



a 



Xia aio = 

(t"xi = Xia^ 
Xicro"icr^^o"i 



crViO" *Xi for i = 0,2, . . . ,n — 2, 
cr*Xi(j~*Xi for 2 < i < n/2. 



ooxo ^OxOX\a ^, 



= o"i ^1 
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Proof. We follow the original Artin's proof [Ij and we begin with the presentation of SBn using 
the generators ai,a~^,Xi, i = 1, . . . ,n — 1, and relations (jlj). Then we add the new generators 
a, a^^, relation (0) and the following relations 

aa^^ = a^^a = 1. 

Consider axi. Using the braid relations in the same way as Artin considered aai we have 
axi = (Ti . . . an-iXi = (Ti . . . aiai+iXiai+2 ■ ■ ■ o"n-i = 

= 0-1... Xi+io-iO-i+iai+2 • • • cTn-i = Xi+ia. 

We arrive thus at relations (jH)) and (jSj). Now we can get rid from the fifth relation in 
First of all using ^ and ^ it is reduced to the case i = I, which is considered as follows: xi 
commutes with crr^crr^cr: 



So, we obtain 



Xi(T2 ^a-j^ V = a2 Vi ^axi = 02 ^X2cr. 



This is equivalent to the fifth relation in (j^ for i = 1. Using (jH)) and © the sixth relation in 
is reduced to the case i = 1, which is the sixth relation in (jH]). 
The third and forth relations in (jH)) are easy consequences of the corresponding relations 
in (0} and Q and (0). The fifth relation in (jH)) is a consequence of the definition of a and 
the singular braid relations The third relation in is obtained from the forth and fifth 
relations in (jH)) in the same way as Artin obtained the commutation of cxj and aj from the 
relations in (pj. Essentially, Artin used the fact that it follows from the second relation in 
that 0""' is in the center of -Br„. Here we need the fifth relation in (jH)) to have this fact in SBn- 
The third relation in in the new generators is rewritten as follows 



what is equivalent to 



xia^ Via* ^ = Via* ^xi. 



li j > i then this is exactly the third relation in if j < i then it follows from the third 
relation in © by conjugation by a" and using the commutation of a" with Xi. □ 

For the case of the braid-permutation group SBn we also add the new generator a, defined 
by (j2I) to the set of standard generators of BPn, then relations (jHI) and the following relations 
hold 

^i+i = a*^ia-*, i = l,...,n-2. 
This gives a possibility to get rid of as well as of a^ for i > 2. 

Theorem 2. The braid-permutation group BPn has presentation with generators ai, a, and ^1 
and relations 

ViaVia^' = aVia^Vi for 2 < z < n/2, 
a" = (aai)"-i, 

(^laVia^* = aVia^*,^i for z = 2 . . . n — 2, 
iia'^ia-' = a'^ia~'^i for i = 2...n-2, 
^la^ia^Vi = aaia^i^ia^ia"^ 
^ia^ia-1^1 = a^ia^i^ia^ia-^ 

□ 
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Let US consider the generalized braid groups in the sense of Brieskorn (or so the called Artin 
groups) . It is easy to see that for the braid groups of type -B„ from the canonical presentation 
with generators ai, i = 1, . . . ,n — 1 and r, and relations: 

aiaj = (7j(7i, if |z — j|>l, 
CiCi+iCJi = aj+iCTjCTj+i, 
rcTj = (Tjr, if i > 2, 

[^raiTai = airaiT, 

we can obtain the presentation with three generators cxi, a and r and the following relations: 



(7) 



a" 

\_TOxTOx 

If we add the following relations 



crViO" Vi for 2 < i < n/2, 
icTaxr~\ 

crVicr^V for 2 < i < n — 2 

OiTOiT. 



err 



r 



to (j?!) we then arrive at a presentation of the Coxeter group of type B^. 

Similarly, for the braid groups of the type from the canonical presentation with generators 
(jj and p, and relations: 



= ajai if \i- j\ > 1, 

pai = (Jip if 2 = 1,3, . . . ,n - 1, 

ypa2P = cr2pcr2, 

we can obtain the presentation with three generators ai, a and p and the following relations: 

= (xVicr^Vi for 2 < i < n/2, 



(8) 



(JlCT CTlO" 

a"" 



(tVi cr *p for i = 0,2, . . . ,n — 2, 



^paaia 'p 

If we add the following relations 



aaia ^paaia ^. 



to (jSI) we come to a presentation of the Coxeter group of type Dn- 

For the exceptional braid groups of types Eq — Eg our presentations look similar to the 
presentation for the groups of type D (jH)). We give it here for E^: it has three generators (Xi, a 
and uj and the following relations: 



(9) 



(JiCr CTiCT 



(jViCt Vi for 2 = 2,3,4, 



(tVict ^cu for 2 = 0,1,3,4,5,6, 
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Similarly, if we add the following relations 




to Q we arrive at a presentation of the Coxeter group of type £^8- 

As for the other exceptional braid groups, F4 has four generators and it follows from its 
Coxeter diagram that there is no sense to speak about analogues of the Artin presentation (^, 
G2 and l2{p) already have two generators and H3 has three generators. For H4 it is possible 
to diminish the number of generators from four to three and the presentation will be similar to 
that of S4. 

We can summarize informally what we were doing. Let a group have a presentation which 
can be expressed by a "Coxeter-like" graph. If there exists a linear subgraph corresponding to 
the standard presentation of the classical braid group, then in the "braid-like" presentation of 
our group the part that corresponds to the linear subgraph can be replaced by two generators 
and relations (0). This re can be applied to the complex reflection groups 13^ whose "Coxeter- 
like" presentations is obtained in jjj, jH]. For the series of the complex braid groups B{2e, e, r), 
e > 2, r > 2 which correspond to the complex reflection groups G{de,e,r), d > 2 |7. we take 
the linear subgraph with nodes T2, . . . , Tr, and put as above t = T2 . . .Tr. The group B{2e, e, r) 
have presentation with generators T2, t, a, T2 and relations 



(10) 



T2T'T2T'' 

aTW2T^^ 
CrT2T2 

T^TT2T-^T^ 

r r2 r " V2 r2 r r2 r " V2 r2 

T2(7T2T2T2T2T2 ■ . . 

' V ' 



TW2T V2 for 2 < z < r/2, 
irr2r-\ 

rV2r~V, for 1 < z < r — 2, 

^2^2C^, 

TT2T-^T^TT2T-'^ , 

T2 T"2 Tr2 r " V2 r2 r r2 r " \ 
(JT2T2T2T2T2T2 .... 



e+l factors 



e+1 factors 



If we add the following relations 



a'' 


= 1, 




= 1, 


r2" 


= 1 



to ()10|) we come to a presentation of the complex reflection group G{de,e,r). 

The braid group B{d,l,n), d > 1, has the same presentation as the Artin - Brieskorn group 
of type Bn, but if we add the following relations 




to (0) then we arrive at a presentation of the complex reflection group G{d, l,n), d>2. 

For the series of braid groups B{e,e,r), e > 2, r > 3 which correspond to the complex 
reflection groups G{e,e,r), e > 2, r > 3 we take again the linear subgraph with the nodes 
T2, . . . , Tr, and put as above r = T2 . . . Tr. The group B{e, e, r) may have the presentation with 



ON PRESENTATIONS OF GENERALIZATIONS OF BRAIDS WITH FEW GENERATORS 



7 



generators T2,r, T2 and relations 



T^TT2T-'^T^ 

TT2T^^T2T2TT2T^^T2T2 

T2T2T2T2T2T2 • • • 
V ' 



t't2T-'t2 for 2<i< r/2, 

TT2T^^T2TT2T^^ , 
T2T2TT2T^^T2T2TT2T^^ , 
T2T2T2T2t'2T2 



e factors 



e factors 

If e = 2 then this presentation is the same as for the presentaion for the Artin - Brieskorn 
group of type ©• If we add the following relations 



1, 



T"2 



/2 



to (|TT|l . then we obtain a presentation of the complex reflection group G(e, e, r), e > 2, r > 3. 

As for the exceptional (complex) braid groups, it is reasonable to consider the groups -Br(G3o), 
Br{G^z) and Br{Gz4) which correspond to the complex reflection groups G30, G33 and 6*34. 

The presentation for Bt^Gsq) is similar to the presentation ((Zj) of Br{B^ with the last 
relation replaced by the relation of length 5: the three generators di, a and r and the following 
relations: 



:i2) 



2 —2 

If we add the following relations 



2 —2 
(7 a 1(7 (Ti, 

aVio-^V for 

GiTGiTai. 



2,3, 



to (O, then we obtain a presentation of complex reflection group G^q. 

As for the groups Br{G^^) and Br[G^/i), we give here the presentation for the letter one 
because the "Coxeter-like" graph for _Br (G33) has one node less in the linear subgraph (discussed 
earlier) than that of Br^Gu)- This presentation has the three generators s, z {z = stuvx in 
the reflection generators) and w and the following relations: 



(13) 



z'^sz *s for i 



2,3, 



z 

WZ^SW~'' 

wz^sz~''w 

wz'^sz~'^wzsz~^wz'^sz~'^ 



The same way if we add the following relations 

3^ 



{ZS}, 

z''sz~''w for i = 0,3,4. 



z sz wz sz 



for 



1,2, 



zsz ^wz^sz "^wzsz ^w. 



1, 

1 



to (HH)), then we come to a presentation of the complex reflection group ^34. 

We can obtain presentations with few generators for the other complex reflection groups 
using the already observed presentations of the braid groups. For G2b and G^2 we can use 
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the presentations 
relation 



^ for the classical braid groups Br^ and Br^ with the only one additional 



1. 



The author expresses his gratitude to V. P. Lexine for useful advices. 
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